
AIAA JOURNAL

Vol. 35, No. 3, March 1997

Discrete Vortex Method for Simulating Unsteady Flow
Around Pitching Aerofoils

Hequan Lin,¤ Marco Vezza,² and R. A. McD. Galbraith³

University of Glasgow, Glasgow G12 8QQ, Scotland, United Kingdom

A modi® ed discrete vortex method to simulate the separated ¯ ow around an aerofoil undergoing pitching motion

is described. The vorticity generated in the thin layer around the body is discretized into vortices in accordance
with the multipanel surface representation. By convection and diffusion the vortices are released from the body and

advanced in the wake as determined by the Biot± Savart law and random-walk model, respectively. Both unsteady
static and pitching cases are presented, and comparison with the test data illustrates that, without prior knowledge

of the developing separation and reattachment points for the model, good agreement has been achieved.

Nomenclature
A = area of body (section)
B = volume within the body
c = aerofoil chord
Fb = volume within the control zone
Fw = volume outside the control zone
K = number of subpanels for each panel
k = unit vector
k = reduced pitch rate k = X c/2V
l = panel length
m = index number of subpanel within the panel
N = number of panels for the body
P = static pressure
Re = Reynolds number
r, r = position vector and its magnitude
S = surface of the body
s, n = unit vector along and normal to the surface
t = time
U = ¯ ow velocity
V = velocity
Z = position in the form of complex number
z = vortex position in the form of complex number
a = angle of attack
C = circulation
c = circulation density

4 t = time step
d = distance of nascent vortex off the body
m = kinematic viscosity
q = ¯ uid density
r = vortex core radius
W , W = vector potential and stream function
X = rotational velocity
x = vorticity

Subscripts

c = reference point for the body motion
i = index for body, index for vortices outside the control

zone
j = index for panel
m = index for subpanel, moment
n = nascent vortices, normal component
s = surface velocity
t = tangential component
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I. Introduction

T HE ¯ ow® eld around a pitching aerofoil, especially the phe-
nomenon of dynamic stall, has been attracting intensive re-

search in recent decades.1, 2 The perceived bene® ts of the research
apply, for example, to helicopters, high-agility ® ghter aircraft, and
wind turbines.In the case of the helicopter,the main rotor blade sec-
tion operates in a periodicaerodynamicenvironmentduring forward
¯ ight.

Experimental studies3±5 show that the physical phenomenachar-
acterizing dynamic stall and static stall are very different. Massive
separation from the upper surface, the formation of a primary dy-
namic vortex and its subsequent convectionand diffusion dominate
the dynamic stall ¯ ow. This indicatesthat successfulnumericalanal-
ysis is dependent upon accurate simulation of the vortex behavior.

In recent years, various numerical models have been developed
to study dynamic stall. Most of the models are based on the solu-
tion of the Navier±Stokes equations. Different schemes are in use:
the O-grid scheme combined with the Joukowsky transformation,6

the Moving O-grid scheme,7 the hybrid grid scheme (dynamic
structured and unstructured grid),8 viscous/inviscid interaction
schemes,9 and the random-walkvortexmethodcoupledwith the von
Mises transform.10 Among these, the discrete vortex method,10±12

also based on the Navier±Stokes equations, has the advantages of
being highly adaptiveand grid free. The method is particularlysuit-
able for simulating dynamic stall, where the vortex dominates the
¯ ow and grid generation becomes more intricate in order to match
the moving boundary and capture the vortex structure.

In this paper, a discrete vortex scheme is developed to solve the
stream function-vorticity formulation of the Navier±Stokes equa-
tions for a pitching aerofoil. Unlike other schemes,10 , 11 neither a
transform mapping nor prespeci® cation of the separation point is
required. A thin layer near the aerofoil, referred to as the control
zone, is the source of the vortices. Vorticity arises from the no-slip
condition on the solid boundary. A Lagrangian scheme is used to
describethe vorticesreleasedfrom thecontrolzone,and the random-
walk method12 is employed to simulate diffusion.The surfaceof the
body is discretized into main panels and subpanels, the latter used
to represent the leading edge accurately and to de® ne the vorticity
within the control zone. The boundary condition is satis® ed by en-
forcing zero mass ¯ ow through the main panels. Three cases are
presented in the paper pertaining to the NACA0015: impulse start
unsteady static at 10 deg, ramp-up from 0 to 40 deg, and ramp-up
ramp-down. Comparisons with the experimental results13 available
at Glasgow University show good agreement.

II. Governing Equations
Two-dimensional incompressible¯ ow is governedby the follow-

ing continuity and full viscous Navier±Stokes equations:

r ¢ U = 0 (1)

DU

Dt
= ¡

1

q r P + m r 2U (2)

494



LIN, VEZZA, AND GALBRAITH 495

Fig. 1 Reference coordinate system.

By using the de® nitions of vorticity != r £ U with != k x ,
vector potential W with U = r £ W , W = kW , r ¢ W = 0,
and rotational velocity X i = kX i , the governing equations can be
expressed in vorticity/stream function form:

r 2 W = ¡ x (3)

D x

Dt
= m r 2 x (4)

where subscript i is the index for the body.
The velocity ® eld within the area of the body, depicted in Fig. 1,

corresponds to that of a solid region with reference point c:

Ui = Uic + X i £ (r ¡ ric ) (5)

or in the stream function form

5 2 W i = ¡ 2X i (6)

The velocity at the point p outside the solid region is governedby
Eqs. (1±4). The relationship between the velocity and the vorticity
has been derived previously14:

Up = U 1 +
1

2 p *
Fb

x
k £ (r p ¡ r)

k rp ¡ r k 2
dFb

+
1

2 p *
Fw

x
k £ (rp ¡ r)

k rp ¡ r k 2
dFw

+
1

2 p *
Bi

2X i

k £ (r p ¡ r)

k rp ¡ r k 2
dBi (7)

where F = Fb [ Fw and Fb \ Fw = 0.
The equation details the four contributions to the velocity from

the freestream,the vorticityin the small controlareaaroundthe solid
region (control zone), the vorticity in the remaining ¯ ow area, and
the vorticity inside the solid region due to the motion of the body.

Flow in the far ® eld is undisturbed,whereas the no-slip condition
on the body requires the velocity of ¯ ow particles to be equal to that
of the surface. These conditions can be expressed either in velocity
or stream function form:

U = Ui on Si and U = U1 on S1 (8)

5 W = 5 W i on Si and 5 W = 5 W 1 on S1 (9)

III. Numerical Implementation
For a two-dimensional body, a polygonal representation of the

body surface is created by connecting node points with a straight
line to form a series of panels. N main node points are located on
the body that de® ne N plane panels approximating the N curved
segments of the surface. Each curved segment is further subdivided
into K equal-length subpanels by the speci® cation of K ¡ 1 nodes
along the segments.

The thin area near the body surface is regarded as a special zone,
the control zone, in which the vorticity is created. The vorticity in
the rest of the ¯ ow® eld arises through convection and diffusion of
that generated in the control zone. The discretizationof vorticity in
the control zone can be regarded as a two-stage process.

First, the total vorticity within the control zone, c , is treated as
a quantity that varies piecewise linearly and continuouslyalong the

Fig. 2 Discretization and ° distribution.

surface.The values of c at main node points therefore represent the
whole surface distribution.

Second, the panel distribution of total vorticity is further broken
down into vortex blobs, one for each subpanel. The blob is posi-
tioned a distance d directly above the middle of the subpanel. The
discretizationis illustrated in Fig. 2. Each blob is assumed to have a
symmetrical vorticitydistribution,describedby a core function that
corresponds to the velocity distribution11:

v(r) =
C

2 p

r

r 2 + r 2

where C is the total blob circulation and r is the distance of a point
from the blob center.

The boundary condition on the surface is implemented by ensur-
ing zero mass ¯ ow through each panel. Although this implemen-
tation cannot guarantee the equations to be ful® lled at every point,
there is at least one point on each panel with zero relative normal
velocity. The implementation is expressed as

F js + F ji + F j f + F j v + F j n = 0 (10)

with each term representingthe contributionof mass ¯ ow by differ-
ent sources. The ® rst and second terms, F j s and F ji , are from the
motion of the body and are thus additional items to those for the
static case, F j f , F j v , and F jn , representing the contributionsby the
freestream, the vortices outside the control zone, and the vortices
within the control zone. The latter are regarded as nascent vortices.

All vortices outside the control zone originate from nascent vor-
tices. Their positions are the result of convection and diffusion at
each time step. Their circulations are unchanged with time. At the
beginning of the calculation, the total number of such vortices is
zero, as is the correspondingcontribution to the mass ¯ ow.

The total number of equations (10) is N for a body with N panels,
but only N ¡ 1 are independent because there is no source or sink
within the body. Hence after N ¡ 1 panels satisfy zero mass ¯ ow,
the mass ¯ ow for the ® nal panel will automatically be zero.

A further equation required to make the solution unique is ob-
tained from Kelvin’s theorem. The circulationof the vortices in the
entire ¯ ow® eld remains constantbecause there is no external source
of vorticity. For each body, the additional condition is

S v

C v +
N

S j = 1

K

Sm = 1

( C j )m + 2X i Ai = C st (11)

where the ® rst term is the circulation of vortices in the wake, the
second is the circulation of the nascent vortices, the third is the
circulation due to the body rotation, and the fourth is the initial
circulation in the ¯ ow® eld prior to the start of calculations. The
second term contains the unknown c values.

The strength of the nascent vortices are obtained once the equa-
tions are solved for the N c values.

The simulation of vorticity convection and diffusion employs an
operator splitting technique, where the vorticity transport equation
(4) is split into a separate convectionpart D x /Dt = 0 and diffusion
part @x /@t = m 5 2 x , both of which are solved sequentially as pro-
posed in reference.12 The convectionequation,as for inviscid ¯ ows,
describes the invariance of vorticity as it moves with the ¯ uid. The
velocity of convectionis therefore the same as that of the associated
¯ ow particle and is determined from Eq. (7) using the discretized
vorticity representation. At each time step, only the velocity at the
vortex locations is needed to advance the simulation.
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The solution of the diffusion part is based on the diffusion of a
unit point vortex in two dimensions, given by

x (r) = (1/ 4 p m t)e ¡ r 2/ 4m t

This is also the Gaussian probability density of random variables
x and y in two dimensions, with zero mean and standard deviation
of p (2m t ), which can be numerically simulated by the random-
walk method. The method adds additional random displacements
g x , g y at each time step in the x and y directions to the convection
displacements. The random numbers are generated numerically by
computers and satisfy the Gaussian distribution of zero mean and
standard deviation p (2 4 t / Re) in dimensionless form.

The Adams±Bashforthsecond-ordermethod is employedto solve
the convectionequation,and hence the vortex positions for the next
time step are determined, in complex notation, from

zi (t + D t ) = zi (t ) + [3
2
Vi (t ) ¡ 1

2
Vi (t ¡ D t )] ¢ D t + (g x + i g y)

(12)

for the vorticesoutside the controlzone,whereasonly the ® rst-order
scheme is used for the nascent vortices. That is,

zi (t + D t ) = zi (t ) + Vi (t ) ¢ D t + (g x + i g y ) (13)

The vortices within the control zone are treated separately from
those outside, the latter retaining their individual identity. Those
within the control zone at the new time are combined with the vor-
ticity created by the surface during this time step, forming the next
layer of nascent vortices. Their strengths are determined by imple-
menting the above equations. The process is one of vortex release
and absorption and is depicted in Fig. 3.

The number of vortices outside the control zone increases as the
computationproceeds.Because the computationalcost of the vortex
interactionsis ofO(N 2

v ), where Nv is the numberof vortex particles,
a vortex merging mechanismis employed, in which two vortices are
combined into one if certain criteria are satis® ed. In particular, the
difference in velocity at the body surface induced by the vortices
before and after merging is minimized while maintaining total cir-
culation.Signi® cant mergingoccurs in the far wake where the effect
on the body is very small. Further cost reductions are planned via
the implementation of a fast algorithm. The total number of vor-
tices present dependson the complexityof the ¯ ow, with only a few
hundred for an aerofoil at low incidence but several thousand after
separation. Most of the vortices during a computation are located
near the body because of the merging scheme employed.

Operating with n £ on the Navier±Stokes Eq. (2) applied to the
body surface, an equation for pressure gradient is obtained:

1

q

@P

@s
= ¡ s ¢

DU

Dt
+ m

@x

@n
(14)

where the normal vector n and the tangential vector s are related by
n = s £ k.

Fig. 3 Illustration of vortex release and absorption.

Fig. 4 Vorticity inside the control zone.

Because of the no-slip condition, the ¯ ow velocity on the surface
should be the same as that of the surface itself, given by Eq. (5).
Hence the equation (dropping index i ) becomes

1

q

@P

@s
= ¡ s ¢

DUc

Dt ¡ n ¢ (r ¡ rc)
DX

Dt
+ s ¢ (r ¡ rc)X

2 + m
@x

@n
(15)

The ® rst three terms on the right-hand side of Eq. (15) only ap-
pear when the body is in motion and describe the surface tangential
componentsof the accelerationof the referencepoint, the rotational
acceleration,and the centripetal acceleration.

Rewriting the vorticity transport equation (4) as

D x

Dt
=

@x

@t
+ (U ¢ 5 ) x = ¡ 5 ¢ ( ¡ m 5 x ) (16)

¡ m 5 x is the vorticity ¯ ux, which, when applied at the body, pro-
duces the surface ¯ ux ¡ n ¢ m 5 x = ¡ m @x /@n. Therefore, the last
term in Eq. (14) can be regarded as the negative vorticity creation
rate at the surface.

Consider a control area with one side on part of the body surface
and the opposite side on the upper part of the control zone (Fig. 4).
The control area has size ds along the surface and moves with the
body. The circulation of vortices inside the control area at time t ,
excluding the vorticity created by the surface at this time, is c a ds.
This includes the vorticity in existence there at time t ¡ D t and
the vorticity ¯ ux through the area boundaries (excluding the body
surface) from t ¡ D t to t. The circulation of vortices created at the
element of surface during this time step is ( ¡ m @x / @n) ds D t . The
net circulationof vortices inside this area, c ds, is given by the sum
of these contributions, that is,

( ¡ m
@x

@n ) ds D t + c a ds = c ds (17)

so

m
@x

@n
=

c a ¡ c

D t
(18)

where c a is the equivalentcirculationdensity of existingvortices in
the control area at time t and is approximated piecewise linearly in
the same fashion as the net vorticity c .

The integrals from pressure gradient to pressure distributionand
from the pressure to aerodynamic force and moment are standard.

IV. Results and Discussion
The model has been used to predict some separated ¯ ows. The

results for starting ¯ ow around a NACA0015 undergoing various
motions are presented, including impulse start, ramp-up motion,
and ramp-up ramp-down triangle motion.

The aerofoil surface was represented by 80 panels, with 5 sub-
panels de® ned between successivemain node points. The surface is
representedbynearlyequal-lengthpanelsexceptclose to the leading
edge where panel density is increased.Core radius, vortex creation
distance above the surface, and size of control zone are empirically
speci® ed and are of the same order of magnitude.

Case 1: ® = 10-deg Impulse-Start Unsteady Static
Flow (Attached Flow)

Figure 5 illustrates the vortex patterns for this case, the two
frames corresponding to times shortly after the impulse start and
after the ¯ ow around the aerofoil has settled. The Reynolds number
is Re = 9.9 £ 106 . From the earlier frame, the vortices are seen to
be emitting from the trailing edge and rolling up. This represents the
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Fig. 5 Vortex pattern of the NACA0015 in impulsive ¯ ow at ®= 10 deg.

Fig. 6 Characteristics for the NACA0015 at ® = 10 deg.

startingvortex, and during this period, circulation is built up around
the aerofoil. The later frame shows the settled vortex pattern, with
vortices again emitting from the trailing edge but no longer rolling
up. This is because the vortices trailing from both the upper and the
lower surfaces are of opposite sign and almost the same magnitude.
At this stage there is little overall change in the circulation around
the aerofoil. Also evident is the close proximity of the emerging
vortices to the aerofoil surface. This is in good accordance with the
establishedknowledge that the steady ¯ ow for this case is attached.

The time histories of the normal force and pitching-moment co-
ef® cients Cn vs tV /c (dimensionless time), Cm1/4 vs tV / c are pre-
sented in Fig. 6. These illustrate the classic featuresof starting ¯ ow,
i.e., an initial impulse followed by a gradual buildup to steady-
state values corresponding to the increasing circulation that devel-
ops aroundthe aerofoil.This process is consistentwith the frames in
Fig. 5, where the starting vortex can be seen to be carrying circula-
tion downstream.The circulationaround the body surface increases
to maintain constancy of total circulation.

Also in Fig. 6 is the experimental Cn , which has been reduced
from published steady-state test data.15 It is apparent that, after the
initial transient has died away, the predicted Cn approaches very
close to the test result.

Case 2: Ramp-Up

Four frames are presented in Fig. 7 for the case of a ramp change
in angle of attack from ¡ 1 to 40 deg, at Re = 9.9 £ 106 and re-
duced pitch rate k = 0.0487. The starting and the ending phases
of the motion are modeled as an acceleration and deceleration, as
shown in Fig. 8, in which the time history is the same as that for
the experiment. The ® rst frame shows the attached ¯ ow at an angle

Fig. 7 Vortex pattern of the NACA0015 during ramp-up motion.
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Fig. 8 Characteristics for the NACA0015 during ramp-up motion.

higher than the static stall value. In the second frame, in which di-
mensionless time tV / c = 7.5 and a = 32.4 deg, the main dynamic
vortex is formed near the leading edge upon the upper surface and,
correspondingly,the suctionpressure is increased there. In addition,
the secondaryvortex is simulated.As time advances,the third frame
indicates that the dynamic vortex is transported along the surface
and ® nally in the fourth it has detached from the aerofoil and a
countervortex is formed over the trailing edge.

Angle of attack a time history,Cn vs tV /c (dimensionless time),
and Cm1/ 4 vs tV /c are presented in Fig. 8, together with the test re-
sults. The overall agreement is fairly good; however, the differences
that do occur are discussed in the following paragraph.

A high level of ® delity is achievedduring the attached¯ ow phase,
which extends to angles of incidence well beyond the static stall
value. Beyond this point the model predicts a slightly lower Cn gra-
dient and peak Cn . This means that the suction effect of the dynamic
stallvortexmeasuredin theexperimenthasnotbeencompletelysim-
ulated. Although this could be due to the core function and radius
employed,whichaffect to somedegreethe formationandprogressof

the dynamic stall vortex, it is also possible that wind-tunnel block-
age is in¯ uential during this event, which deforms the outer ¯ ow
signi® cantly. In keeping with current practice for dynamic stall ex-
periments, the data were not corrected for wind-tunnelblockagebe-
cause of the lack of known correction technique for such unsteady
test cases. In addition, the empirical parameters, for example, the
creation distance d , are not linked directly to the ¯ ow conditions
in the current model, although future plans are to incorporate such
a link. The earlier separation indicated by the experiment is illus-
trated very clearly in the Cm1/ 4 diagram, although the peak levels
are generally in good agreement.

The ramp-up case was run on a Silicon Graphics machine, with
one 150-MHz IP22 processor, and took around 500 min of CPU
time to perform 2000 time steps, most of which corresponded to
postseparation conditions. The number of vortices ranged from a
few hundred to around 4000, depending on the ¯ ow conditions.

Case 3: Ramp-Up and Ramp-Down

In Fig. 9 there are four frames for ramp-up and ramp-down, with
two for each motion stage. They are accompanied by the angle of

Fig. 9 Vortex pattern of the NACA0015 during ramp-up and ramp-
down.
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Fig. 10 Characteristics for the NACA0015 during ramp-up and ramp-
down.

attack a time history,Cn vs tV / c, and Cm1/ 4 vs tV / c in Fig. 10. The
angle of attack is increased from 0 to 40 deg and then is reduced to

¡ 10 deg at reduced pitch rate k = 0.0487 for each case. Reynolds
number Re = 9.9 £ 106 . Frame 1 shows that the ¯ ow is still attached
at high anglesof attack, and frame 2 presents the separationfrom the
leadingedge during the pitching-upprocess.Frame 3 shows that the
separation point is moving rearward, and the ® nal frame illustrates
the ¯ ow fully attached.

The characteristic hystereses in the aerodynamic loads are pre-
dicted. Of particular importance is the reduction in Cn during ramp

down. During ramp-up the processesare virtually identical to those
described in the precedingcase. However, the delay in reattachment
and lack of vortex lift during ramp-down results in lower Cn values.
Althoughupper-surfacesuctionstarts to buildup during ramp-down
at higher incidence, this process is undermined by the continual re-
duction in incidence and possibly by the in¯ uence of the vortex
system previously shed.

V. Conclusion
A discrete vortex model has been developed that predicts sep-

arated, incompressible ¯ ows without speci® cation of separation
points. The agreementwith the test data shows that the introduction
of the control zone and multipanel discretization of the vorticity
around the body has enabled the modeling of separated ¯ ows like
those around pitchingaerofoils.It is anticipatedthat future develop-
ments, in particular the incorporation of exterior constraints, more
correlations between the ¯ ow conditions and the numerical param-
eters, and turbulence effects, will further improve the prediction
capabilities of the model.
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